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Bitcoin (BTC) returns exhibit pronounced positive skewness with a third central moment of approximately
150% per year. They are well characterized by a mixture of Normals distribution with one “normal” regime
and a small probability of a “bliss” regime where the price appreciation is more than 100 times at the annual
horizon. The large right-tail skew induces investors with preferences for positive skewness to add
significant BTC holdings to equity-bond portfolios. Even when BTC is forecast to lose half of its value in
the normal regime, investors with power utility optimally add 3% allocations to BTC when the probability
of the bliss regime is around 1%. Cumulative Prospect Theory investors are even more sensitive to positive
skewness and hold BTC allocations of around 3% when the probability of the bliss regime is 0.0006 and
the mean of BTC in the normal regime corresponds to a loss of 90%.
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“I think it can go to zero, and I think it can go to a million dollars. I have no idea.”™

—Thomas Peterffy

Billionaire and founder of Interactive Brokers on Bitcoin

As with any new asset class, an important question is what is the optimal allocation to cryptocurrency
(crypto) in a well-diversified portfolio? Thomas Peterffy, the 65" richest man in the world according to the
2021 Forbes World’s Billionaire List®> advocates holding 2-3% of one’s wealth in cryptocurrencies. Ray
Dalio, the second richest hedge fund manager according to the 2021 Forbes 400 list® and founder of
Bridgewater Associates, believes that Bitcoin (BTC) “has some merit as a small portion of a portfolio” and
that allocations of 1-2% to BTC are reasonable.*

We examine BTC returns, which is the most well-known and first crypto, over July 2010 to
December 2021. Expressed as continuously compounded returns, there is large volatility of 132% per year,
and extreme positive skewness. The third central moment of BTC returns is 144% at the annual horizon,
which compares to -0.43% and 0.01% for equity and bond returns, respectively. We find that a mixture of
Normal distributions has a close fit with the empirical distribution of BTC log returns. There is a “normal”
regime with a relatively low mean (but still high in absolute terms) of 95% per year with large volatility of
114% per year. The other regime is a “bliss” regime which has an extremely high mean of 467% but with
lower volatility of 51%. The bliss regime has a probability of approximately 3%. The infrequent occurrence
of a draw from the bliss regime can fit the very long right-hand tail of the empirical distribution of BTC
returns. In the context of Peterffy’s quote, the possible BTC appreciation t0 “a million dollars” can be
modeled by the bliss regime.

We examine the implications of the extreme positive skewness of BTC for asset allocation. We
consider the work-horse power utility function (or Constant Relative Risk Aversion utility). Power utility
is locally mean-variance. Yet, a power utility investor would still allocate meaningful amounts to BTC
starting from a standard equity-bond portfolio—even when the unconditional mean of BTC returns is set

to be negative. At the calibrated point estimates of the mixture of Normals distribution fitted to historical

! Carpenter, S., and C. Ballentine, “Billionaires are Embracing Crypto in Case Money ‘Goes to Hell’,” Bloomberg,
January 1, 2022.
2 See https://www.forbes.com/billionaires/
3 See https://www.forbes.com/forbes-400/
4 Locke, T., “Ray Dalio: Allocating up to 2% of Your Portfolio to Bitcoin is Reasonable,” CNBC, January 5, 2022.
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data, a power utility investor starting from a 60-40 equity-bond portfolio would wish to allocate 85% of
their portfolio to BTC, holding the remaining 15% of their portfolio in the same fixed 60-40 equity-bond
mix. We show that this is theoretically driven by the enormous third central moment of the BTC
distribution, which is well captured by the bliss regime. Even when we set the mean of the normal regime
distribution to correspond to a loss of 50% in the price of BTC, a 2% or 3% allocation to BTC favored by
Peterffy or Dalio can be justified by small probabilities of 0.005 or 0.019, respectively, of the bliss regime
occurring.

Because there are many deviations from expected utility in individuals’ actual behavior, we also
consider the seminal behavioral utility function of Cumulative Prospect Theory (CPT) of Kahneman and
Tversky (1979) and Tversky and Kahneman (1997).° There are two effects driving the preference towards
positive skewness as noted by Ebert and Karehnke (2019). First, the value function of CPT is defined over
losses and gains, and the curvatures lead investors to prefer positively skewed payoffs. The shape of the
CPT value function is actually the same as power utility in the domain of gains. The second effect is more
powerful. Under CPT, investors overweight events with small probability and underweight events that
occur more frequently. In the case of the BTC mixture of Normals distribution, there is a small objective
probability to receive a very large payoff in the bliss regime. CPT agents overweight this outcome, and thus
the optimal allocations to BTC are much more aggressive than the case of power utility.

Calibrating to Tversky and Kahneman’s (1997) original CPT parameters, the optimal equity
holding of equities for a CPT agent in a two-asset equity-bond portfolio is 28%. Introducing BTC in a three-
asset model, the CPT investor wishes to hold a 4+oco position in BTC because of its extreme positive
skewness. To obtain finite solutions, we change the mean of continuously compounded BTC returns to
correspond to a 90% loss in the normal regime. With just a tiny probability of 0.001 of the bliss regime, the
optimal BTC allocation would be approximately 10% holding the 28-72 equity-bond portfolio in the same
fixed proportion in the remaining 90% of the portfolio. Optimal BTC allocations of 2% or 3% correspond
to probabilities of the bliss regime around 0.0005.

It is notable that BTC returns are positively skewed, whereas negative skewness is a common
property of many risky asset classes: equities (Rietz, 1988; Barro, 2009), foreign exchange (Brunnermeier,
Nagel, and Pedersen, 2008), option markets (Bakshi, Kapadia, and Madan, 2009; Carr and Wu, 2007),

5 In fact, Dertwinkel-Kalt and Koster (2020) make a case for CPT utility to explain the behavior of agents with
skewness experiments. Barberis and Huang (2008) note that CPT investors have a preference for positive skewness
and they argue that this can cause positively skewed assets to be overpriced and exhibit low average returns. Boyer,
Mitton, and Vorkink (2010) find some empirical evidence along these lines. Our asset allocation analysis takes the
traditional partial equilibrium approach: we assume the skewness and other moments of BTC, stocks, and bonds as
given and investigate the implications for optimal portfolio choice.
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hedge funds (Cremers, Kritzman, and Page, 2005), high yield bonds (Domian and Reichenstein, 2008), and
real estate (An, Wu, and Wu, 2016; Hutson and Stevenson, 2020) are all negatively skewed. Negative
skewness is also a priced risk factor in asset returns; more negatively skewed stocks are riskier and investors
are compensated with higher returns.® A number of well-known style factor strategies are also negatively
skewed like momentum (Daniel and Moskowitz, 2016) and other long-short style factor strategies (see
Khandali and Lo, 2007; Ang, 2008), merger arbitrage (Mitchell, Pulvino, and Stafford, 2004), carry (Daniel,
Hodrick, and Lu, 2017; Bekaert and Panayotov, 2020), and short volatility strategies (Bhansali and Harris,
2018). Baltas and Salinas (2020) show that negative skewness premium is also observed in a range of asset
classes including equity indexes, government bonds, currencies, and commodities. Thus, the extreme
positive skewness makes BTC a unique asset.

There is an exploding literature on crypto, and we can cite just a few papers on several related
topics that we fail to capture in our model. We consider only the role of BTC as a direct investible asset.
This ignores any perspectives of the remarkable technology in the blockchain or the wider web3 ecosystem
of which crypto is part (see Yaga et al., 2018), the possible role of crypto as a form of fiat money and
possible seigniorage value (see Gorton and Zhang, 2021), the market structure of BTC itself (Makarov and
Schoar, 2021), the positive network externalities of BTC and other crypto in tokens and other membership-
related features (see Sockin and Xiong, 2020), or underlying fundamental valuation of BTC (see Michnick
and Athey, 2018; Cong, Li, and Wang, 2021). These effects would likely lead to further demand for BTC
holdings beyond that captured by financial wealth in a utility function. On the other hand, there is large
energy consumption required for Bitcoin validation, which is often supplied with non-renewable energy
sources (see Stoll, Klaassen, and Gallersdorfer, 2019).

Our paper is most related to the well-established literature examining the effect of higher moments
on asset allocation. Markowitz (1952) recognized early the importance of positive skewness: “the third
moment of the probability distribution of returns from the portfolio may be connected with a propensity to
gamble.” Early authors researching skewness and other higher moment preference are Tsiang (1972) and
Kraus and Litzenberger (1976). Since then, asset allocation studies with higher moments include Ang and
Bekaert (2002), Jondeau and Rockinger (2006), Guidolin and Timmermann (2008), Harvey et al. (2010),
and Chiu (2010). These papers do not examine BTC allocations. There is a much smaller, but rapidly
growing literature on asset allocation with BTC, or characterizing the returns of BTC or crypto, showing,
among other things, they are lowly correlated to traditional assets. Among the many recent studies along
these lines are Briere, Oosterlinck, and Szafarz (2015), Liu and Tsyvinski (2018), Botte and Nigro (2021),

6 See, among others, Harvey and Siddique (2000), Ang, Chen, and Xing (2006), Boyer, Mitton, and Vorkink (2010),
Xing, Zhang, and Zhao (2010), and Conrad, Dittmar, and Ghysels (2012).
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and Petukhina et al. (2021). These papers generally work in a mean-variance environment and do not
explicitly consider the effect of skewness for optimal portfolio choice.

The rest of this paper is organized as follows. Section 1 describes the BTC, equity, and bond return
data and fits a mixture of Normals distribution to BTC returns. Section 2 examines optimal allocations to
BTC for power utility, and Section 3 for behavioral CPT utility. With each utility function, we highlight
the effect of the probability of the bliss regime on optimal BTC holdings. Section 4 concludes.

1. BTC Returns

We describe the BTC return data in Section 1.1. Section 1.2 fits a mixture of Normals distribution to BTC

returns.

1.1 Data

We take BTC prices from July 2010 to December 2021 at the monthly frequency. For equities and bonds,
we use the S&P 500 and the Bloomberg Barclays Treasury Index, respectively, from January 1973 to
December 2021. Exhibit 1, Panel A graphs the cumulated returns of BTC, equities, and bonds from
investing $1 at the beginning of January 1973 to the end of December 2021. The cumulated returns of BTC
are staggering, reaching 772,227 at December 2021. For comparison, the cumulated returns for stocks and
bonds are 4.33 and 1.35, respectively.

Because of the extremely large volatility of BTC, we work with continuously compounded, or log,
returns. We compute continuously compounded returns at the annual horizon, which allows our return
estimates to be easily interpreted. Setting the annual horizon also allows us to abstract from issues of time
aggregation where higher moment estimates, like volatilities and skewness, can depend on the sampling
frequency (see Neuberger, 2012; Neuberger and Payne, 2021).

We report summary statistics of BTC, equities, and bonds in Panel B of Exhibit 1. BTC has an
annualized mean of 108.5% per year, which is 14 times larger than the mean of equities which is 7.7% per
year. The standard deviation of BTC log returns is even larger, at 132.2%. In arithmetic terms, the gross
expected return implied by these numbers is staggering, exp(1.085 + %(1.322)2) = 7.09. Even setting the
mean to zero results in large gross returns of exp(§(1.322)2) = 2.40, which is an order of magnitude larger
than the arithmetic returns in venture capital and small or micro cap stocks (see Cochrane, 2005).

While the Sharpe ratios of BTC, equities, and bonds are roughly comparable at 0.82, 0.48, and 1.17,
respectively, BTC has an extremely large third central moment of 1.439, which is several orders of

magnitude larger than the third central moment for stocks (-0.004) and bonds (0.000). Because the volatility
4
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of BTC is so large, the normalized third moment, or skewness metric, of 0.630 is approximately similar to
bonds. However, it is the third central moment that is relevant for portfolio choice, as we show below. In
the rest of the paper, we interchangeably refer to “skewness” as the third central moment, except in a few
contexts where it is clear that skewness refers to the normalized third central moment, which divides the
third central moment by o3.

Panel B of Exhibit 1 reports that BTC returns are positively correlated with equity returns, at 0.411,
and negatively correlated with bond returns, at -0.300. Over this period, equities and bonds exhibit little
correlation. We build in these correlations into our data generating processes in our optimal allocation with
and without BTC.

In Exhibit 2, we graph kernel estimates of probability density functions (PDFs) of BTC, stocks,
and bonds using the full samples of each univariate series. Panel A shows the relatively low volatilities of
stocks and bonds manifests as very high and narrow PDFs. The negative skew of stocks (normalized
skewness of -1.042) is visible in the blue left-hand tail. The support of the PDF for BTC is extremely wide
from below -2 to above 6. Recall that these are continuously compounded returns, so the arithmetic returns

range from losing everything to multiplying an initial position by hundreds.

1.2 Mixture of Normals

To fit the positive skewness of BTC returns, we fit a simple mixture of Normals distribution. These have
been commonly used in economics and finance to capture higher moments and they are also extensively
used in classification and clustering models in machine learning.” The mixture of Normals can be easily
estimated by maximum likelihood or EM algorithms (see Hamilton, 1994).

We estimate the following process for BTC returns, rgr¢:

N(uq,0?) with probability p
Tgrc = 1)
N (uy, 04) with probability 1 — p

where N(uy, a?) is the Normal distribution with mean p; and variance ¢ in the “bliss” regime which is

drawn with probability p. We refer to this regime as “bliss” because we assign the high mean to regime 1.

7 See Ang and Timmermann (2012) for a literature review in finance and economics, and the textbook by McLachlan
and Peel (2000) for machine learning applications.
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The second “normal” regime occurs with probability 1 — p with distribution N (i, 62) with mean u, and
variance o%.

In Exhibit 3, Panel A, we graph the estimated probability density function of the mixture of Normals
in equation (1) along with the empirical kernel estimate of the density function (which is repeated from
Exhibit 2 but plotted on a different scale). The right-hand tail is visible in Panel A, and there is a close fit
between the estimated mixture of Normals and the empirical distribution.

In Panel B, we graph the Normal distributions in each regime. These correspond to the estimated
parameters listed in Panel C of equation (1). The first regime is a bliss regime with a continuously
compounded mean of y; = 4.676 per year and standard deviation g, = 0.506 per year. The spectacular
returns that occur in the bliss regime occur with probability p = 0.036. The bliss regime is responsible for
the large positive skewness that is observed in the PDF graph in Panel B. The second regime closely
corresponds to the unconditional kernel estimated density—uwithout the extreme right-hand tail for which
the high-mean bliss regime is responsible. Most of the time, with probability 1 — p = 0.964, BTC returns
are drawn from a Normal distribution with mean u, = 0.950 per year and standard deviation o, = 1.135
per year. Note because the standard deviation is larger than the mean, it is highly likely that a negative
return occurs in the normal regime. In fact, o, = 1.135 is approximately 7 times larger than the
unconditional equity standard deviation, which is 0.161 (see Exhibit 1).

It is interesting that the regime occurring infrequently has a relatively high mean and the normal
regime occurring most of the time has a relatively low mean. This is opposite to most mixture of Normal
estimations (or more general Markov regime-switching model estimations popularized by Hamilton, 1989)
with risky asset returns like equities, as summarized by Ang and Timmermann (2012). Intuitively, stock
returns exhibit negative skewness and a regime with infrequent crashes, or a regime with a negative mean,
fits this pattern well. In contrast, BTC returns have pronounced positive skewness, so we occasionally draw
from a regime with very high returns.

We compute the implied third central moment and skewness statistics from the mixture of Normals

distribution. These are given by the following formula for the unconditional variance, o2:

0 =pof + (1 =p)og +p(1 —p)(u — 1), )

and for the third central moment by:

E[(rare — W3] =p(1 —p) (g — 12)*{3(0f — 03) + (1 — 2p) (uy — p3)?}, ®3)
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with the unconditional mean given by 4 = pu; + (1 — p)u,. (See also Timmermann, 2000.) In equations
(2) and (3), the difference in means between each regime contributes to both the unconditional variance and
the third central moment. The switching Normal distribution has an implied third central moment of 1.270,
which is close to the empirical estimate of 1.439 (see Exhibit 1). The standardized skewness is also closely
matched, with an implied model estimate of 0.556 compared to the data estimate of 0.630 (see Exhibit 1).
The fitted mixture of Normals process slightly underestimates the third central moment and skewness,
which means that the results we present below for optimal BTC allocation will be conservative in the sense
that increasing skewness would only further increase the optimal BTC allocations.

2. Power Utility

This section examines optimal holdings of BTC, equity, and bonds with power utility. Section 2.1 details
the solution method. We examine the effect of skewness theoretically in Section 2.2 and empirically in
Section 2.3 for the fitted mixture of Normals distribution for BTC. In Section 2.4, we present a hypothetical

exercise to infer an investor’s belief that BTC will be drawn from the bliss regime with very high returns.

2.1 Optimal Allocations

Denote r = (75r¢ Teq Tpa) as the vector of continuously compounded returns on BTC, equities, and bonds,
respectively. We assume that rgr¢ follows the mixture of Normals process given in equation (1) with the
parameters reported in Exhibit 3. So that we focus only on the skew induced by BTC, we assume that
continuously compounded returns of equities and bonds, 7., and 7,4, respectively, are log normal with the
full sample moments in Exhibit 1. In each regime of bliss or normal returns, we set the correlation structure
of BTC, equity, and bond returns to the empirical estimates listed in Exhibit 1.

Our problem is to maximize expected utility:®

max E[UW)], (4)

8 Our solution method is to solve the first order conditions of equation (4) using Gaussian-Hermite quadrature. This
is extremely accurate for Normal distributions with as few as 4 or 5 quadrature points (see Kochenderfer and Wheeler,
2019).
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over the holdings of BTC, equities, and bonds, h = (hBTC hegq hbd), respectively. We consider asset
allocation problems with just equities and bonds (heq hbd) before considering the full allocation problem

which adds the holdings of BTC, hgrc.
In this section, we consider power utility (also called Constant Relative Risk Aversion, CRRA,

utility) over end-of-period wealth, W:

Wiy (%)
11—y’

uw) =

where y is the coefficient of risk aversion. Asy — 1 in equation (5), we have log utility, U(W) = log(W).
Wealth, W, is given by:

W = hgrc exp(rre) + (1 — hpre)|[heq €xp(Teq) + hpa exp(rpa)]- (6)

We have written wealth in equation (6) so that the equity-bond portfolio has weights h,, and h4 in equities
and bonds, respectively, that sum to one.® We do this because of the prevalence of the 60-40 equity-bond
portfolio (or other equity-bond mixes). In our empirical work, we calibrate the risk aversion parameter, y,
to give a particular equity-bond mix like 60-40 in a two-asset problem of just equities and bonds. Then, we
hold that level of risk aversion fixed to solve for the optimal bitcoin holding in the optimization (equation
(4)) with three assets and hold the equity-bond mix constant. Another way of saying this is that when we

introduce BTC, the BTC holding is funded by pro-rata positions in equities and bonds.

2.2 Effect of Skewness in Theory

Following Samuelson (1970), we can expand the expectation of a utility function, U, as a Taylor series

around the point W for average wealth as:

E[UW)] ~ UW) + U'(W)E[W — W] +5U" (W)E[W — W)?] + U (WE[W — W)?], (7)

9 See Lawler et al. (2020) for comments on 60-40 equity-bond portfolios in a retail setting. For institutions, these
equity-bond portfolios are often called “reference portfolios” (see Ang, Brandt, and Denison, 2014).
8

MASMO0222U/M-2051282-8/43



FOR PROFESSIONAL, INSTITUTIONAL, QUALIFED, WHOLESALE INVESTORS AND PERMITTED,
PROFESSIONAL AND QUALIFIED CLIENT USE ONLY
— NOT FOR PUBLIC DISTRIBUTION (PLEASE READ IMPORTANT DISCLOSURES)

stopping at the third moment with U’, U"', and U'"" are the first, second, and third derivatives, respectively,
of the utility function, U. Scott and Horvath (1980) show that for well-behaved utility functions, investors
like moments with odd powers, like the mean and skewness, and dislike moments with even powers, like
the variance.'® Taking expectations, the second term in equation (7), U'(W)E[W — W], drops out.

Define the certainty equivalent as W,z = U~*( E[U(W)]), which is the certain amount we are
willing to pay to have the same expected utility of an uncertain wealth outcome, and take a linear expansion
of the certainty equivalent utiliy as U(W¢g) = UMW) + U' (W)(Weg — W). Since U(W,g) = E[UW)]

and E[W] = W, we can equate the linear expansion of the certainty equivalent with equation (7) to yield:
U'(W)(EIW] = Weg) = 50" (W)o? —=U" (WE[W — W)?], (8)
where g2 = E[(W — W)?] is the variance. The risk premium, = = E[W] — W, can be written:
m = E[W] - Weg ~ 5ya? —yn E[(W - W)?], ©)

where

y = u'w /U’
is the Arrow-Pratt measure of relative risk aversion and

nr
n= u / u"
is the prudence parameter of Kimball (1990). Equation (9) states the investors demand compensation for
bearing variance risk, through the relative risk aversion coefficient, y, and that they are willing to pay to
bear positive skewness risk as represented through the third central moment, E[(W — W)3]. Put another

way, agents dislike variance risk but like positive exposure to third moment risk. Both the risk aversion

10 Jondeau and Rockinger (2006) use the Taylor series expansion of expected utility up to fourth moments for asset
allocation with exponential utility and Harvey et al. (2010) use up to third moments in a Bayesian setting. Of course,
the Taylor expansion, even to infinity, may not uniquely pin down the utility function. As Loistl (1976) notes, there
are many examples where moment preferences from Taylor series will not converge or not map into preferences. We
avoid this by dealing directly with utility functions.
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coefficient, y, and the prudence coefficient, n, affect the trade-off of third moment risk and return. We
emphasize it is the third central moment, not normalized skewness which divides by o3, that is important.

The ubiquitous mean-variance utility ignores the third moment term and other higher moments,
because they are usually very small. In fact, power utility, U(W) = W'Y /(1 — y), is locally mean-variance
utility for “small” gambles (in the sense of Pratt, 1964). This is not because risk aversion or prudence are

small: for power utility, the coefficient on the third central moment is %Wl = %y(y + 1). Instead, it is

because the higher central moments are usually negligible. For example, the third central moment estimates
for equities and bonds are -0.004 and 0.000, respectively (as reported in Exhibit 1, Panel B). The third
central moment, in contrast, for BTC is enormous at 1.439. In fact, the skewness of BTC is so large that the
risk premium equation (9) is negative for BTC! For example, if y = 2 and using the empirical estimates for
the variance and third central moment for BTC reported in Panel B of Exhibit 1, the risk premium is -113%.
Thus, even under power utility, which is locally mean-variance, we expect significant allocations to BTC

because of its positive skew. We now show this is the case.

2.3 Effect of Skewness in Practice

We perform the following asset allocation exercise. Suppose we start with a 60-40 equity-bond portfolio.
Assuming that equity and bond returns are log normal, fitted to the moments reported in data in Exhibit 1,
we compute the power utility risk aversion coefficient to yield that 60-40 allocation. In this case, a risk
aversion of y = 1.50 corresponds to 60-40. Then, we hold the risk aversion fixed and estimate the optimal
weight of BTC, hgr¢, assuming that the equity and bond weights are held in the same pro-rata 60-40
allocation. That is, the equity and bond weights are set to be (1 — hgrc)heq and (1 — hgrc)heq,
respectively. We use the mixture of Normals distribution (see equation (1) and Exhibit 3) for BTC returns
that captures large positive skewness.

Exhibit 4 presents the results. Starting with a 60-40 equity-bond portfolio, which is produced with
a risk aversion of y = 1.50, the optimal BTC allocation is a large 84.9%! The remainder of the portfolio,
15.1% is split 60-40 between equities and bonds. Although BTC has an extremely large volatility of 1.322
(see Exhibit 1), the pronounced positive skewness leads to large allocations and dominates in the utility
function (see equation (9)). The certainty equivalent compensation required to not invest in BTC is close
to 200%. In Exhibit 4, starting at a 20-80 stock-bond portfolio leads to a 12.5% BTC allocation, and a risk

tolerant investor with an 80-20 stock-bond portfolio desires a levered position in BTC of 106.6%.

10
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2.4 Varying the Probability of Bliss

In this section we perform a revealed preference exercise and to back out an investor’s beliefs on the
probability of the bliss regime for small allocations to BTC. In this exercise, we deliberately set the mean
of BTC in the normal regime to correspond to losing half an investor’s wealth, so exp(u,) = 0.5, with
U, = —0.693. We hold all other parameters of the mixture of Normals distribution constant at their values
in Exhibit 3. By assuming a significantly negative unconditional mean, any allocation to BTC must be a
result of positive skewness! We capture that skewness by the small probability of drawing from the very
high return regime, and we investigate what probability is required to hold a given position of BTC.

Exhibit 5 presents the results. We assume that the equity-bond mix is fixed at 60-40 and use the
corresponding risk aversion of y = 1.50. For a given probability of the bliss regime, p, Exhibit 5 graphs
the optimal BTC holding, hgrc. The equity and bond weights in the three-asset (BTC, equity, and bonds)
portfolio are (1 — hgye) X 0.6 and (1 — hgpe) X 0.4, respectively. In Exhibit 5, Panel A, a 1% holding of
BTC corresponds to a probability of the bliss regime of p = 0.0003. For hgyc = 2%, p = 0.0052 and for
hgre = 3%, p = 0.0193. The left-most point on the graph corresponds to p = 0.0001, where the BTC
holding is 0.92%.!

In Panel B of Exhibit 5, we graph some implied statistics as a function of the probability of the bliss
regime. At the top, we graph the implied unconditional BTC mean, which is given by ugrc = puy +
(1 — p)uy, with u; and p,set at the mixture of Normals estimate for the bliss regime in Exhibit 3: y; =
4.676 and u, = —0.693. By construction, the unconditional BTC mean increases as p increases, but the
means are all negative with positive BTC weights. Confirming the theoretical intuition in equation (9), it is
the large positive central third moment, plotted in the middle panel, which is driving this result—even for
locally mean-variance power utility! The last panel graphs the probability of losing money in the normal
regime, p(rgrc < 0| regime = 2) which varies from 70% to 76% for this range of p. Clearly, only
extremely small probabilities of the bliss state are necessary to create small BTC positions in a diversified
portfolio—even when the BTC returns have large unconditional negative means and large probabilities of

experiencing losses.

11 Of course, when p = 0, the bliss regime is a “nuisance” distribution (see Hansen, 1996) and given the negative u,
parameter in this exercise, the optimal BTC holding is zero.
11
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3. Cumulative Prospect Theory

In this section, we investigate BTC allocation with Cumulative Prospect Theory (CPT), or loss aversion,
preferences. We describe CPT utility in Section 3.1. In Section 3.2, we examine optimal BTC allocations

under these behavioral preferences.

3.1 Parameterization

Cumulative Prospect Theory as originally formulated in Kahneman and Tversky (1979) and extended in
Tversky and Kahneman (1992) has had profound influence in the fields of economics, psychology, and
other behavioral sciences.?? There are four parts of CPT: (1) the utility is measured in terms of gains or
losses relative to a reference point, (2) loss aversion, where investors are more sensitive to losses than they
are to gains of the same magnitude, (3) the value function is concave over gains and convex over losses,

and (4) investors perform a reweighting of objective probabilities.

Value Function

Exhibit 6, Panel A graphs the value function of CPT, which is given by:

x" forx >0
v(x) = (10)
—A(—x)"2 forx < 0

where x is the gain or loss relative to a reference point. We set the reference point to be zero reflecting “the
status quo” following Kahneman and Tversky (1979). Although the value function uses the power value
function, it is defined relative to the reference point so that there is a concave shape in the domain of gains,
which is associated with risk-averse behavior over gains. The utility gains level off as gains become large.
The value function takes a convex shape for x < 0, which reflects risk-seeking behavior over losses. The
utility levels off as losses increase, which can be interpreted as ‘“bad things lead to psychic numbing”
(Weber and Johnson, 2009) The risk-seeking behavior implies that individuals would prefer to gamble with
the possibility of a loss, rather than endure a sure loss than is smaller than the expected value of the gamble.

We use Tversky and Kahneman’s (1992) parameter values throughout this section, which other

authors have shown are not too dissimilar from empirical estimates from laboratory studies or in the real

12 A literature review celebrating 30 years after the seminal loss aversion paper is by Barberis (2013).
12
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world (see, for example, Booij, van Praag, and van de Kuilen, 2010; Rieger, Wang, and Hens, 2017).*® The
loss aversion parameter A governs how much more investors weight losses than gains and we set A = 2.25.
Likewise, we take Tversky and Kahneman’s parameters for y = y; =y, = 0.88, which control the
curvature of the risk-seeking (risk-averse) behavior over losses (gains), respectively. Exhibit 6, Panel A
graphs the value function in equation (10) for different curvature parameters. The lower the value of y; and
¥,, the more pronounced the S-shape becomes over gains and losses. By itself, the value function is affected
by extreme positive skewness, through the power utility specification over gains in equation (10)—which
is the same mechanism we examined in the regular expected power utility function in Section 2. But, there
is one more aspect of CPT that has a much bigger effect on CPT agents preferring large positive skewness

lotteries, which we now discuss.

Probability Reweighting

An important part of the CPT framework is that individuals use transformed probabilities—which are
decision weights because they may not sum to one. The probability reweighting in Tversky and Kahneman
(1992) is taken separately over gains and over losses, but they both have the same shape:

p (11)

1 )
% + (1= p)%

w(p) =

where w* (p) is the weighting function over gains and

p’2 (12)

1 )
(% + (1 = p%2))%

w™(p) =

w~(p) is the weighting function over losses. Exhibit 6, Panel B graphs the weighting functions for the
parameters taken by Tversky and Kahneman (1992), §; = 0.61 and &, = 0.69. These have inverted S-
shaped functions and lie above the objective probability for small probabilities and below the objective
probability for large probabilities. This has the effect that individuals overweight unlikely outcomes and

underweight outcomes that occur more often.

3 In addition, because the utility function is not globally concave, there is no guarantee that non-corner solutions can
be found. (See the discussion by Ang, Bekaert, and Liu, 2005.) The Tversky and Kahneman (1992) values lead to
finite solutions in the empirical calibration we adopt for BTC, equity, and bond returns as per Exhibit 3.

13
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The decision weights =*and 7~ for gains and losses, respectively, are given by:

ny =w(py), i =w*(p,)

T =w (P AP+ p) —w (P APy i) forl <i<k (13)

nf =wr(pj +pjer + o+ Pn) ~WH(Pje1 + Pjaz + o+ py) fork<j<n

where we have ordered the gains and losses x; < x, < X < 0 < Xpyq < Xpyp < -+ < X, OVEr n states,
with the zero reference point occurring between states k and k + 1. The decision weight functions *and
7~ in equation (13) can be interpreted as the reweighted probabilities of outcomes at least as good as x;for
nt and at least as bad as x; for 7 ~.1

Combining the value function in equation (10) with the decision weights in equation (13), we can
define CPT utility, V, as:

k n
(14)
V=) nv(x)+ i v(x;),
Z > muey

j=k+1

where the weighting functions (z*and 7~ in equation (13)) and the value functions (v in equation (10))
take separate forms for negative losses and positive gains relative to the reference point.

The probability reweighting causes CPT to be very sensitive to skewness effects. CPT individuals
overweight events with low objective probabilities, and the calibrated bliss regime in the mixture of
Normals (see equation (1) and Exhibit 3) is a low probability outcome. Thus, the bliss states are assigned
large decision weights. Even though agents are risk-averse over the large gain in the bliss regime, the payoff
in the bliss regime is so large that an agent with CPT utility highly desires exposure to BTC right-tail

skewness.

3.2 BTC Allocation under Cumulative Prospect Utility

We follow a similar exercise to what was done with power utility in Section 2. First, we compute the optimal

equity weight in a two-asset equity-bond portfolio with the Tversky and Kahneman (1992) CPT parameters.

14 Since we are using Gaussian-Hermite quadrature for the mixture of Normals distribution, the objective state space
is naturally the Gaussian-Hermite weights, which are converted to decision weights following equation (13). A larger
amount of quadrature points are required for accuracy for each asset than with power utility.

14
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With the empirical fit of the mixture of Normals distribution for BTC (reported in Exhibit 3) and assuming
the distributions of equity and bond returns are log normal, the optimal equity allocation in an equity-bond
portfolio is 28%. We plot the CPT utility function in Exhibit 7, Panel A, which has a local maximum at this
point.

Now, we hold fixed the equity-bond mix at 28-72 and solve for the BTC allocation. CPT is so
sensitive to the large positive skew that the optimal allocation at the estimated parameter values for the
empirical mixture of Normals distribution (equation (1) with parameters reported in Exhibit 3) is +co. This
is extreme sensitivity to the small probability of a very large payoff, which under CPT receives a much
higher weight than the real-world probability.

In order to obtain finite solutions, we change the mean of BTC in the normal regime to correspond
to a loss of 90%. That is, we set exp(u,) = 0.1, or u, = —2.303. We also change the probability of the
bliss regime to p = 0.001, with the same mean, p,, and standard deviation, a;, of the BTC bliss regime as
the empirical estimate reported in Exhibit 3. This distribution has the same extreme right-hand tail payoff
as the original process, but it occurs with a much smaller probability, p = 0.001, versus the empirical
estimate of p = 0.036. Even with this tiny probability, the optimal BTC holding is 9.5% holding the 28-72
equity-bond portfolio fixed in pro-rata allocations. Exhibit 7, Panel B plots the CPT utility function for the
three-asset BTC-equities-bonds portfolio. The maximum utlity corresponds to the optimal BTC holding of
9.5%, with the equity and bond holdings being held in the same 28-72 pro-rata allocation for the remaining
90.5% of the portfolio.

3.3 Varying the Probability of Bliss

In this section, we vary the probability of the bliss regime. We continue to hold the mean of the normal
regime of BTC continuously compounded returns at 4, = —2.303 with other parameters for the mixture of
Normals processed unchanged from their empirical estimates (see Exhibit 3). We also hold fixed the log
normal returns for equities and bonds at their empirical estimates.

Exhibit 8 reports the optimal BTC allocations under CPT. Panel A graphs the optimal BTC holding,
hgre, as a function of the bliss state probability, p. The circles are the BTC holdings from the optimization
and the dashed line is a fitted smoothed curve. There are discontinuities in the optimal BTC holdings due
to the discrete sums in the definition of CPT utility (equations (10)-(14)) and our Gaussian-Hermite
discretization, but the BTC holdings uniformly increase with p. The probabilities graphed are very small,
fromp = 0.0001 to p = 0.0016. To emphasize how small these probabilities are: we have used the annual

horizon for our calibration so the bliss state only occurs once every 625 to 1,000 years! When the bliss
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probability is greater than 0.0004, the BTC allocation turns positive. At p = 0.0005, the optimal BTC
holding is 1.3% and at p = 0.0006, the optimal BTC holding is 3.1%. The last point on the graph is p =
0.0016 which corresponds to a BTC holding of 17.8%. Only extremely tiny probabilities of BTC entering
a state with large upside potential are required for behavioral investors with CPT utility to hold non-trivial
amounts of BTC. It is worth noting that for probabilities of the bliss state greater than 0.0020, the optimal
holding of BTC is +co.

This happens even when the unconditional mean of BTC is significantly negative. Panel B of
Exhibit 8 graphs the implied mean of BTC (top graph) and the implied third central moment of BTC (bottom
graph) as a function of p. We plot the unconditional continuously compounded means of BTC for the same
values of the bliss probability in Panel A. These are less than -2.30, close to the value of u, we have assumed
corresponding to a loss of 90% (with exp(u,) = 0.1). The implied third central moments in Panel B are
below 0.50, which are approximately a third of the empirical estimate of 1.44 (see Exhibit 1).

In summary, behavioral CPT investors are extremely sensitive to the right-hand skew of BTC
returns. They allocate to meaningful amounts of BTC to portfolios with probabilities in the range of five or

six in a thousand of a bliss regime occurring, even with unconditionally negative BTC returns.

4. Conclusion

Bitcoin (BTC) log returns exhibit an extremely large third central moment of 144% at the annual horizon,
which is several orders of magnitude larger than the third central moments of stocks and bonds, which are
-0.43% and 0.01%, respectively. We show that a mixture of Normals distribution to BTC returns can capture
the large right-hand skew. There is one “normal” regime with relatively large volatility and lower
conditional means. The other is a “bliss” regime that has an extremely high mean corresponding to price
appreciation measured in hundreds of percent with a relatively smaller volatility. The bliss regime occurs
with a small probability. The large positive skewness captured by the infrequently occurring bliss regime
induces even investors with power utility, which is locally mean-variance, to hold significant allocations to
BTC. Behavioral investors with Cumulative Prospect Theory (CPT) utility are even more sensitive to the
large positive skew because they overweight the bliss regime compared to its objective probability. With
CPT, an investor needs only to believe the bliss regime will occur with probabilities around 0.0005 to hold
optimal BTC allocations of approximately 3%.

Our findings of the sensitivity to BTC allocations as a result of large positive skewness are valid
for other asset classes that are positively skewed. Venture capital (\VC) returns (see Cochrane, 2005) and

individual stock returns (see Bessembinder, 2018) exhibit positive skewness and mixture of Normals
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distributions, together with preferences that capture higher moment effects, could also be useful for
determining optimal holdings of those asset classes.

An important caveat is that we have taken only BTC returns and not examined the very large cross
section of cryptos. This deserves separate attention because skewness is not a coherent measure of risk as
defined by Artzner et al. (1999), so the third central moment properties of a diversified crypto portfolio
could be larger than the individual third moments of each crypto. There are style factor strategies that can
generate alpha in the cross-section of cryptos documented by Liu, Tsyvinski, and Wu (2019) and L.iu, Liang,
and Cui (2020) like a market crypto factor, size, and momentum, making an allocation to crypto more
attractive. On the other hand, given the relatively short histories of crypto returns, survivorship bias may
not be accurately measured (see Brown et al., 1992). It might be the case that the true probability of a bliss
regime is lower than the empirical estimates we find, or lower than in the hypothetical comparative statics

EXEercises we examine.
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Exhibit 1: Summary Statistics

Panel A: Cumulated Returns
Cumulated Returns

10,000,000
1,000,000
100,000
10,000
1,000
100

10

Cumulated Wealth (Log Scale)

2010 2012 2014 2016 2018 2020 2022

— Stocks =——Bonds ——Bitcoin

The figures shown relate to past performance. Past performance is not a reliable indicator of current
or future results. Index performance returns do not reflect any management fees, transaction costs
or expenses. Indices are unmanaged and one cannot invest directly in an index.

Sources: BlackRock with data from Refinitiv Datastream and Bloomberg, January 2022. Cumulated returns
on a log scale are plotted for stocks (S&P 500), bonds (Bloomberg Barclays Treasury Index) and bitcoin
from from July 2010 to December 2021. We use a $USD log scale on the y-axis.

23

MASMO0222U/M-2051282-23/43



FOR PROFESSIONAL, INSTITUTIONAL, QUALIFED, WHOLESALE INVESTORS AND PERMITTED,
PROFESSIONAL AND QUALIFIED CLIENT USE ONLY
— NOT FOR PUBLIC DISTRIBUTION (PLEASE READ IMPORTANT DISCLOSURES)

Exhibit 1 Continued: Summary Statistics
Panel B: Estimates of Moments
Third

Sharpe Central
Mean Volatility Ratio Moment  Skewness

BTC 1.0850 1.3224 0.8205 1.4389 0.6297
Equities 0.0769 0.1609 0.4779  -0.0043 -1.0417
Bonds 0.0669 0.0574 1.1668 0.0001 0.6929
Correlations

BTC Equities Bonds
BTC 1.0000
Equities 0.4112 1.0000
Bonds -0.2995  -0.0027 1.0000

Sources: BlackRock with data from Refinitiv Datastream and Bloomberg, January 2022. We report
summary statistics of continuously compounded returns of bitcoin (BTC), stocks (S&P 500) and bond
(Bloomberg Barclays Treasury Index) returns at the annual horizon. We use monthly frequency data at the
annual horizon from July 2010 to December 2021 for BTC and from January 1973 to December 2021 for
stocks and bonds. The univariate moments for each asset are computed using the longest available sample,
and the correlation estimates are computed with the common sample across the assets.
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Exhibit 2: Probability Density Functions (“PDF”)

Density Estimation: Continuously Compounded Returns

BTC
7L Equities | |
Bonds
6 r i
L L i
) 5
o
ge]
24t -
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£
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2 . .
1r } i
—
O . | | | ¥ - ! |
-3 -2 -1 0 1 2 3 4 5 6 7

Annual Returns

Sources: BlackRock with data from Refinitiv Datastream and Bloomberg, January 2022. We plot
probability density functions (PDFs) of continuously compounded returns of bitcoin (BTC), stocks (S&P
500) and bond (Bloomberg Barclays Treasury Index) returns at the annual horizon. We use monthly
frequency data at the annual horizon from July 2010 to December 2021 for BTC and from January 1973 to
December 2021 for stocks and bonds.
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Exhibit 3: Mixture of Normals

Panel A: Mixture of Normals Probability Density Function

BTC Density
035 T T T T T T

== == :Data estimate
Mixture of Normals

0.30

0.25

0.20

PDF

0.15

0.10 |

0.05

000 1 1 1 1 1 1 1 1
-3 -2 -1 0 1 2 3 4 5 6 7

Annual Returns

Sources: BlackRock with data from Refinitiv Datastream and Bloomberg, January 2022. We plot the
empirical probability density functions (PDF) of continuously compounded returns of bitcoin (BTC) returns
at the annual horizon using monthly frequency data from July 2010 to December 2021. The empirical
estimate is given by the dashed line. The red solid line represents the PDF of a fitted mixture of Normals
distribution.
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Exhibit 3 Continued: Mixture of Normals

Panel B: Normal Distributions in Each Regime

08 Mixture of Normals Density

Mixture of normals
07 - Bliss regime prob = 0.0362
= == :Normal regime prob = 0.9638

0.6 [ ]

0.5 .

04 T

PDF

0.3

0.2

0.1

-3 -2 -1 0 1 2 3 4 5 6 7
Annual Returns

Sources: BlackRock with data from Refinitiv Datastream and Bloomberg, January 2022. We plot the
Normal distributions in each regime of the mixture of Normals distribution fitted to bitcoin (BTC)
continuously compounded returns at the annual horizon using monthly frequency data from July 2010 to
December 2021. The empirical estimates of the Normal distribution in each regime are given by the dashed
lines. The red solid line represents the Normal distribution in the “normal” regime. The dashed green (blue)
line represents the Normal distribution in the “bliss” (“normal”) regime.
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Exhibit 3 Continued: Mixture of Normals

Panel C: Mixture of Normal Distributions Parameters

N(4.6757, (0.5058)2)
p = 0.0362

1-p=0.9638
N(0.9502, (1.1350)?)

Mixture of Normal distribution parameters in equation (1) for bitcoin (BTC) continuously compounded
returns at the annual horizon using monthly frequency data from July 2010 to December 2021. The
parameter p represents the probability of the “bliss” regime.

28

MASMO0222U/M-2051282-28/43



FOR PROFESSIONAL, INSTITUTIONAL, QUALIFED, WHOLESALE INVESTORS AND PERMITTED,
PROFESSIONAL AND QUALIFIED CLIENT USE ONLY
— NOT FOR PUBLIC DISTRIBUTION (PLEASE READ IMPORTANT DISCLOSURES)

Exhibit 4: Allocations to BTC

Optimal BTC Allocation
120 1 . . .

100

80

60

40

Optimal BTC Weight (%)

20

0 1 1 1 1 |
20 30 40 50 60 70 80

Starting Equity Holding in Equity/Bond Portfolio (%)

Sources: BlackRock with data from Refinitiv Datastream and Bloomberg, January 2022. The graph presents
the optimal BTC weight in a three asset portfolio of (BTC, equities, and bonds) with a starting equity
position in a two asset portfolio (containing only equities and bonds) with power utility. For a given equity-
bond mix corresponding to equity and bond weights of h,,and hq, respectively, where heq + hpg = 1,
we compute the risk aversion parameter that yields the given equity-bond allocation (see equation (4)). The
data generating process for equity and bonds is log normal. Then we add BTC to equities and bonds, where
BTC follows the mixture of Normals distribution (as reported in Exhibit 3). The data sample used for the
parameters is from January 1973 to December 2021. Holding fixed the risk aversion parameter from the
two-asset problem, we compute the optimal BTC holding, hgr¢, assuming that the equity and bond weights
are held in the proportions (1 — hgrc)heq and (1 — hgre)hpg, respectively.
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Exhibit 5: Sensitivity to Probability of Bliss

Panel A: Varying the Probability of Bliss

BTC Weight as a Function of Probability of Bliss

3.5

3.0

BTC Weight (%)
N N
o (&)

—
o

1.0

05 | | |
0.0 0.5 1.0 1.5 2.0 2.5 3.0

Probability of bliss state (%)

Sources: BlackRock with data from Refinitiv Datastream and Bloomberg, January 2022. For a given
probability of the bliss state in the mixture of Normals distribution for BTC, we graph the resulting optimal
BTC holding, hgrc. We assume that the equity and bond weights are (1 — hgrc)heq and (1 — hgre)hpq,
respectively, with heq = 0.6 and hyy = 0.4. We assume equity and bond returns are log normal and BTC
follows the mixture of Normals distribution as reported in Exhibit 3, except that we set the mean of BTC
in the normal regime to be u, = —0.693. The data sample used for the parameters is from January 1973 to

December 2021.
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Exhibit 5 Continued: Sensitivity to Probability of Bliss

Panel B: Implied Statistics with the Probability of Bliss

Implied Mean of BTC
'05 T T T

06 I

0.7 1 I I I I
0.0 0.5 1.0 1.5 2.0 2.5 3.0

Third Central Moment
40 T T T

00 1 1 1 1 1
0.0 0.5 1.0 1.5 2.0 2.5 3.0

Probability that BTC < 0 in normal state
076 T T T T T —]

0.74 T

0.72 I

070 1 1 1 1 1
0.0 0.5 1.0 1.5 2.0 2.5 3.0

Probability of bliss state (%)

Sources: BlackRock with data from Refinitiv Datastream and Bloomberg, January 2022. For the same
probability of the bliss state in Panel A with the same parameters, we plot the implied unconditional mean
of BTC in the top panel, the implied third central moment in the middle panel, and the probability that
exp(rgrc) < 1in the normal regime. The data sample used for the parameters is from January 1973 to
December 2021.
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Exhibit 6: Cumulative Prospect Theory

Panel A: Risk Seeking Over Losses, Risk Averse Over Gains

10 Prospect Theory Utility
0.5
s i
=
~v=0.3
v=0.5 |
v=0.88
vy=1.2

0.2 0.4 0.6 0.8 1.0

-2.5 '
-0.6 -0.4 -0.2 0.0
Gain/Loss

Sources: BlackRock. We plot the Cumulative Prospect Theory value function in equation (10) with the
Tversky and Kahneman (1992) parameters of y = y; = y, = 0.88 over gains and losses, x. The reference

point corresponds to x = 0.
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Exhibit 6 Continued: Cumuative Prospect Theory

Panel B: Probability Weighting Function

Probability Weighting Function

1.0 T .

09

0.8 |

0.7

0.6

0.5

04

Probability Weight

03 F

0.2 |

01F

— | OSSES 52 =0.69

45 degree line
Gains §, = 0.61

|

0.0 | | ! I
0.0 0.1 0.2 0.3 0.4

0.5
Probability

0.6

0.7

0.8

0.9 1.0

Sources: BlackRock. We plot the Cumulative Prospect Theory probability reweighting functions w*(p)
and w~(p) in equations (11) and (12) for gains and losses, respectively. We use the Tversky and Kahneman

(1992) parameters of §; = 0.61 and 6, = 0.69.
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Exhibit 7: Cumulative Prospect Utility in Portfolios

Panel A: Equity-Bond Portfolio

Prospect Theory Utility in Equity/Bond Portfolio

0.080 T
0.075
0.070

0.065
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Utility

0.055
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0.040

| 1 | 1 | | |

0.035 : :
0 10 20 30 40 50 60 70 80 90 100

Equity Weight (%)

Sources: BlackRock with data from Refinitiv Datastream and Bloomberg, January 2022. The figure plots
the CPT utility function given in equations (10)-(14) for an equity-bond portfolio assuming the equity and
bond returns are jointly log normally distributed calibrated to the moments listed in Exhibit 1, Panel B. The
data sample used for the parameters is from January 1973 to December 2021.We use the Tversky and
Kahneman (1992) parameters of y = y;, =y, = 0.88, §; = 0.61 and 6, = 0.69, A = 2.25, and a reference
point of zero.
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Exhibit 7 Continued: Cumulative Prospect Utility in Portfolios

Panel B: BTC-Equity-Bond Portfolio

Prospect Theory Ut|||ty in BTCIEqwtyIBond Portfollo

0.15

0.095 |

0.10

0.05

Optimal BTC =

0.00

-0.05

Utility

-0.10

-0.15

-0.20

| 1 | 1 | 1 | | |

-0.25
0 10 20 30 40 50 60 70 80 90 100

BTC Weight (%)

Sources: BlackRock with data from Refinitiv Datastream and Bloomberg, January 2022. The figure plots
the CPT utility function given in equations (10)-(14) for a BTC-equity-bond portfolio assuming that BTC
follows a mixture of Normals distribution (with parameters reported in Exhibit 3) and equity and bond
returns are jointly log normally distributed calibrated to the moments listed in Exhibit 1, Panel B. The data
sample used for the parameters is from January 1973 to December 2021. We use the Tversky and Kahneman
(1992) parameters of y =y, =y, = 0.88, §; = 0.61 and §, = 0.69, 1 = 2.25, and a reference point of
zero.

35

MASMO0222U/M-2051282-35/43



FOR PROFESSIONAL, INSTITUTIONAL, QUALIFED, WHOLESALE INVESTORS AND PERMITTED,
PROFESSIONAL AND QUALIFIED CLIENT USE ONLY
— NOT FOR PUBLIC DISTRIBUTION (PLEASE READ IMPORTANT DISCLOSURES)

Exhibit 8: BTC Allocation under Cumulative Prospect Theory and the Probability of Bliss

Panel A: Varying the Probability of the Bliss Regime

Prospect Theory Utility Optimal BTC Holding
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Probability of Bliss Regime

Sources: BlackRock with data from Refinitiv Datastream and Bloomberg, January 2022. We plot optimal
BTC holdings for a CPT investor given in equations (10)-(14) for a BTC-equity-bond portfolio as we vary
the probability of the bliss regime, p. The circles are the BTC holdings from the optimization and the dashed
line is a fitted smoothed curve. We assume that the mean of the continuously compounded BTC normal
regime, u, = —2.303. Other parameters for the BTC process are held fixed at their values reported in
Exhibit 3. The data sample used for the parameters is from January 1973 to December 2021. Equity and
bond returns are jointly log normally distributed with parameters calibrated to the moments listed in Exhibit
1, Panel B. We use the Tversky and Kahneman (1992) parameters of y = y; =y, = 0.88, §; = 0.61 and
6, = 0.69, 1 = 2.25, and a reference point of zero.
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Exhibit 8 Continued: BTC Allocation under Cumulative Prospect Theory and the
Probability of Bliss

Panel B: Implied Statistics with the Probability of Bliss

Implied Mean of BTC
T T T

-2.290 T T

T

-2.295 N

-2.300 -
| 1 | 1 | 1 |

0 0.02 0.04 0.06 0.08 0.1 0.12 0.14 0.16

Third Central Moment
T T T

0.6 | T

0.4 .

0 | 1 | 1 |
0 0.02 0.04 0.06 0.08 0.1 0.12 0.14 0.16

Probability of bliss state (%)

Sources: BlackRock with data from Refinitiv Datastream and Bloomberg, January 2022. For the same
probability of the bliss state in Panel A with the same parameters, we plot the implied unconditional mean
of BTC in the top panel and the implied third central moment in the bottom panel. The data sample used
for the parameters is from January 1973 to December 2021.
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Capital at risk. The value of investments and the income from them can fall as well as rise and are not guaranteed.
Investors may not get back the amount originally invested.

This material is provided for educational purposes only and is not intended to be relied upon as a forecast, research
or investment advice, and is not a recommendation, offer or solicitation to buy or sell any securities or to adopt any
investment strategy. The opinions expressed are subject to change. References to specific securities, asset classes
and financial markets are for illustrative purposes only and are not intended to be and should not be interpreted as
recommendations. Reliance upon information in this material is at the sole risk and discretion of the reader. The
material was prepared without regard to specific objectives, financial situation or needs of any investor.

This material may contain “forward-looking” information that is not purely historical in nature. Such information may
include, among other things, projections, forecasts, and estimates of yields or returns. No representation is made that
any performance presented will be achieved by any BlackRock Funds, or that every assumption made in achieving,
calculating or presenting either the forward-looking information or any historical performance information herein has
been considered or stated in preparing this material. Any changes to assumptions that may have been made in
preparing this material could have a material impact on the investment returns that are presented herein. Past
performance is not a reliable indicator of current or future results and should not be the sole factor of consideration
when selecting a product or strategy.

The information and opinions contained in this material are derived from proprietary and nonproprietary sources
deemed by BlackRock to be reliable, are not necessarily all-inclusive and are not guaranteed as to accuracy.

In the U.S., this material is for Institutional use only — not for public distribution.

In Canada, this material is intended for permitted clients as defined under Canadian securities law, is for educational
purposes only, does not constitute investment advice and should not be construed as a solicitation or offering of units
of any fund or other security in any jurisdiction.

This material is for distribution to Professional Clients (as defined by the Financial Conduct Authority or
MiFID Rules) only and should not be relied upon by any other persons.

Past performance is not a reliable indicator of current or future results and should not be the sole factor of
consideration when selecting a product or strategy.

In the UK and Non-European Economic Area (EEA) countries: this is Issued by BlackRock Investment
Management (UK) Limited, authorised and regulated by the Financial Conduct Authority. Registered office: 12
Throgmorton Avenue, London, EC2N 2DL. Tel: + 44 (0)20 7743 3000. Registered in England and Wales No.
02020394. For your protection telephone calls are usually recorded. Please refer to the Financial Conduct Authority
website for a list of authorised activities conducted by BlackRock.

In the European Economic Area (EEA): this is Issued by BlackRock (Netherlands) B.V. is authorised and regulated
by the Netherlands Authority for the Financial Markets. Registered office Amstelplein 1, 1096 HA, Amsterdam, Tel:
020 - 549 5200, Tel: 31-20-549-5200. Trade Register No. 17068311 For your protection telephone calls are usually
recorded.

For professional and qualified investors in Switzerland: For qualified investors in Switzerland: This document is
marketing material. This document shall be exclusively made available to, and directed at, qualified investors as
defined in Article 10 (3) of the CISA of 23 June 2006, as amended, at the exclusion of qualified investors with an
opting-out pursuant to Art. 5 (1) of the Swiss Federal Act on Financial Services ("FInSA"). For information on art. 8 / 9
Financial Services Act (FinSA) and on your client segmentation under art. 4 FinSA, please see the following website:
www.blackrock.com/finsa

In DIFC, the information contained in this document is intended strictly for Professional Clients as defined under the
Dubai Financial Services Authority (“DFSA”) Conduct of Business Rules.

The information contained in this document, does not constitute and should not be construed as an offer of, invitation
or proposal to make an offer for, recommendation to apply for or an opinion or guidance on a financial product,
service and/or strategy. Whilst great care has been taken to ensure that the information contained in this document is
accurate, no responsibility can be accepted for any errors, mistakes or omissions or for any action taken in reliance
thereon. You may only reproduce, circulate and use this document (or any part of it) with the consent of BlackRock.

The information contained in this document is for information purposes only. It is not intended for and should not be
distributed to, or relied upon by, members of the public.

The information contained in this document, may contain statements that are not purely historical in nature but are
“forward-looking statements”. These include, amongst other things, projections, forecasts or estimates of income.
These forward-looking statements are based upon certain assumptions, some of which are described in other
relevant documents or materials. If you do not understand the contents of this document, you should consult an
authorised financial adviser. Blackrock Advisors (UK) Limited -Dubai Branch is a DIFC Foreign Recognised Company
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registered with the DIFC Registrar of Companies (DIFC Registered Number 546), with its office at Unit L15 - 01A,
ICD Brookfield Place, Dubai International Financial Centre, PO Box 506661, Dubai, UAE, and is regulated by the
DFSA to engage in the regulated activities of ‘Advising on Financial Products’ and ‘Arranging Deals in Investments’ in
or from the DIFC, both of which are limited to units in a collective investment fund (DFSA Reference Number
F000738).

In South Africa, please be advised that BlackRock Investment Management (UK) Limited is an authorised Financial
Services provider with the South African Financial Services Conduct Authority, FSP No. 43288.

In the Kingdom of Saudi Arabia, issued in the Kingdom of Saudi Arabia (KSA) by BlackRock Saudi Arabia (BSA),
authorised and regulated by the Capital Market Authority (CMA), License No. 18-192-30. Registered under the laws
of KSA. Registered office: 29th floor, Olaya Towers — Tower B, 3074 Prince Mohammed bin Abdulaziz St., Olaya
District, Riyadh 12213 - 8022, KSA, Tel: +966 11 838 3600. The information contained within is intended strictly for
Sophisticated Investors as defined in the CMA Implementing Regulations. Neither the CMA or any other authority or
regulator located in KSA has approved this information. The information contained within, does not constitute and
should not be construed as an offer of, invitation or proposal to make an offer for, recommendation to apply for or an
opinion or guidance on a financial product, service and/or strategy. Any distribution, by whatever means, of the
information within and related material to persons other than those referred to above is strictly prohibited.In the
United Arab Emirates, the information contained in this document is intended strictly for non-natural Qualified
Investors as defined in the UAE Securities and Commodities Authority’s Board Decision No. 3/R.M of 2017
concerning Promoting and Introducing Regulations.

The information contained in this document, does not constitute and should not be construed as an offer of, invitation
or proposal to make an offer for, recommendation to apply for or an opinion or guidance on a financial product,
service and/or strategy. Whilst great care has been taken to ensure that the information contained in this document is
accurate, no responsibility can be accepted for any errors, mistakes or omissions or for any action taken in reliance
thereon. You may only reproduce, circulate and use this document (or any part of it) with the consent of BlackRock.

The information contained in this document is for information purposes only. It is not intended for and should not be
distributed to, or relied upon by, members of the public.

The information contained in this document, may contain statements that are not purely historical in nature but are
“forward-looking statements”. These include, amongst other things, projections, forecasts or estimates of income.
These forward-looking statements are based upon certain assumptions, some of which are described in other
relevant documents or materials. If you do not understand the contents of this document, you should consult an
authorised financial adviser.

For investors in Israel: BlackRock Investment Management (UK) Limited is not licensed under Israel’s Regulation of
Investment Advice, Investment Marketing and Portfolio Management Law, 5755-1995 (the “Advice Law”), nor does it
carry insurance thereunder.

In Qatar, The information contained in this document is intended strictly for sophisticated institutions. The information
contained in this document, does not constitute and should not be construed as an offer of, invitation or proposal to
make an offer for, recommendation to apply for or an opinion or guidance on a financial product, service and/or
strategy. Whilst great care has been taken to ensure that the information contained in this document is accurate, no
responsibility can be accepted for any errors, mistakes or omissions or for any action taken in reliance thereon. You
may only reproduce, circulate and use this document (or any part of it) with the consent of [the issuer].

The information contained in this document is for information purposes only. It is not intended for and should not be
distributed to, or relied upon by, members of the public.

The information contained in this document, may contain statements that are not purely historical in nature but are
“forward-looking statements”. These include, amongst other things, projections, forecasts or estimates of income.
These forward-looking statements are based upon certain assumptions, some of which are described in other
relevant documents or materials. If you do not understand the contents of this document, you should consult an
authorised financial adviser.

In Latin America, for Institutional Investors and Financial Intermediaries Only (Not for public distribution). This
material is for educational purposes only and does not constitute an offer or solicitation to sell or a solicitation of an
offer to buy any shares of any fund (nor shall any such shares be offered or sold to any person) in any jurisdiction in
which an offer, solicitation, purchase or sale would be unlawful under the securities law of that jurisdiction. It is
possible that some or all of the funds mentioned in this document have not been registered with the securities
regulator of Argentina, Brazil, Chile, Colombia, Mexico, Panama, Peru, Uruguay or any other securities regulator in
any Latin American country and thus might not be publicly offered within any such country. The securities regulators
of such countries have not confirmed the accuracy of any information contained herein. No information discussed
herein can be provided to the general public in Latin America.
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In Argentina, only for use with Qualified Investors under the definition as set by the Comision Nacional de Valores
(CNV).

In Brazil, this private offer does not constitute a public offer, and is not registered with the Brazilian Securities and
Exchange Commission, for use only with professional investors as such term is defined by the Comissao de Valores
Mobiliarios.

In Chile, the offer of each security not registered with the Comision para el Mercado Financiero (“CMF”) is subject to
General Rule No. 336 issued by the SVS (now the CMF). The subject matter of this offer may include securities not
registered with the CMF; therefore, such securities are not subject to the supervision of the CMF. Since the securities
are not registered in Chile, there is no obligation of the issuer to make publicly available information about the
securities in Chile. The securities shall not be subject to public offering in Chile unless registered with the relevant
registry of the CMF.

In Colombia, the offer of each Fund is addressed to less than one hundred specifically identified investors, and such
Fund may not be promoted or marketed in Colombia or to Colombian residents unless such promotion and marketing
is made in compliance with Decree 2555 of 2010 and other applicable rules and regulations related to the promotion
of foreign financial and/or securities related products or services in Colombia.

IN MEXICO, FOR INSTITUTIONAL AND QUALIFIED INVESTORS USE ONLY. INVESTING INVOLVES RISK,
INCLUDING POSSIBLE LOSS OF PRINCIPAL. THIS MATERIAL IS PROVIDED FOR EDUCATIONAL AND
INFORMATIONAL PURPOSES ONLY AND DOES NOT CONSTITUTE AN OFFER OR SOLICITATION TO SELL
OR A SOLICITATION OF AN OFFER TO BUY ANY SHARES OF ANY FUND OR SECURITY.

This information does not consider the investment objectives, risk tolerance or the financial circumstances of any
specific investor. This information does not replace the obligation of financial advisor to apply his/her best judgment in
making investment decisions or investment recommendations. It is your responsibility to inform yourself of, and to
observe, all applicable laws and regulations of Mexico. If any funds, securities or investment strategies are mentioned
or inferred in this material, such funds, securities or strategies have not been registered with the Mexican National
Banking and Securities Commission (Comisién Nacional Bancaria y de Valores, the “CNBV”) and thus, may not be
publicly offered in Mexico. The CNBV has not confirmed the accuracy of any information contained herein. The
provision of investment management and investment advisory services (“Investment Services”) is a regulated activity
in Mexico, subject to strict rules, and performed under the supervision of the CNBV. These materials are shared for
information purposes only, do not constitute investment advice, and are being shared in the understanding that the
addressee is an Institutional or Qualified investor as defined under Mexican Securities (Ley del Mercado de Valores).
Each potential investor shall make its own investment decision based on their own analysis of the available
information. Please note that by receiving these materials, it shall be construed as a representation by the receiver
that it is an Institutional or Qualified investor as defined under Mexican law. BlackRock México Operadora, S.A. de
C.V., Sociedad Operadora de Fondos de Inversion (“BlackRock México Operadora”) is a Mexican subsidiary of
BlackRock, Inc., authorized by the CNBV as a Mutual Fund Manager (Operadora de Fondos), and as such,
authorized to manage Mexican mutual funds, ETFs and provide Investment Advisory Services. For more information
on the Investment Services offered by BlackRock Mexico, please review our Investment Services Guide available

in www.blackrock.com/mx. This material represents an assessment at a specific time and its information should not
be relied upon by the you as research or investment advice regarding the funds, any security or investment strategy
in particular. Reliance upon information in this material is at your sole discretion. BlackRock México is not authorized
to receive deposits, carry out intermediation activities, or act as a broker dealer, or bank in Mexico. For more
information on BlackRock México, please visit: www.blackRock.com/mx. BlackRock receives revenue in the form of
advisory fees for our advisory services and management fees for our mutual funds, exchange traded funds and
collective investment trusts. Any modification, change, distribution or inadequate use of information of this document
is not responsibility of BlackRock or any of its affiliates. Pursuant to the Mexican Data Privacy Law (Ley Federal

de Proteccién de Datos Personales en Posesion de Particulares), to register your personal data you must confirm that
you have read and understood the Privacy Notice of BlackRock México Operadora. For the full disclosure, please
visit www.blackRock.com/mx and accept that your personal information will be managed according with the terms
and conditions set forth therein.

In Peru, this material is for the sole use of Institutional Investors, as such term is defined by the Superintendencia de
Banca, Seguros y AFP.

In Uruguay, the Securities are not and will not be registered with the Central Bank of Uruguay. The Securities are not
and will not be offered publicly in or from Uruguay and are not and will not be traded on any Uruguayan stock
exchange. This offer has not been and will not be announced to the public and offering materials will not be made
available to the general public except in circumstances which do not constitute a public offering of securities in
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Uruguay, in compliance with the requirements of the Uruguayan Securities Market Law (Law N° 18.627 and Decree
322/011).

For investors in Central America, these securities have not been registered before the Securities Superintendence
of the Republic of Panama, nor did the offer, sale or their trading procedures. The registration exemption has made
according to numeral 3 of Article 129 of the Consolidated Text containing of the Decree-Law No. 1 of July 8, 1999
(institutional investors). Consequently, the tax treatment set forth in Articles 334 to 336 of the Unified Text containing
Decree-Law No. 1 of July 8, 1999, does not apply to them. These securities are not under the supervision of the
Securities Superintendence of the Republic of Panama. The information contained herein does not describe any
product that is supervised or regulated by the National Banking and Insurance Commission (CNBS) in Honduras.
Therefore any investment described herein is done at the investor's own risk. This is an individual and private offer
which is made in Costa Rica upon reliance on an exemption from registration before the General Superintendence of
Securities (“SUGEVAL”), pursuant to articles 7 and 8 of the Regulations on the Public Offering of Securities
(“Reglamento sobre Oferta Publica de Valores”). This information is confidential, and is not to be reproduced or
distributed to third parties as this is NOT a public offering of securities in Costa Rica. The product being offered is not
intended for the Costa Rican public or market and neither is registered or will be registered before the SUGEVAL, nor
can be traded in the secondary market. If any recipient of this documentation receives this document in El Salvador,
such recipient acknowledges that the same has been delivered upon his request and instructions, and on a private
placement basis.

In Singapore, this document is provided by BlackRock (Singapore) Limited (company registration
number:200010143N) for use only with institutional investors as defined in Section 4A of the Securities and Futures
Act, Chapter 289 of Singapore. This advertisement or publication has not been reviewed by the Monetary Authority of
Singapore.

In Hong Kong, this material is issued by BlackRock Asset Management North Asia Limited and has not been
reviewed by the Securities and Futures Commission of Hong Kong. This material is for distribution to "Professional
Investors" (as defined in the Securities and Futures Ordinance (Cap.571 of the laws of Hong Kong) and any rules
made under that ordinance.) and should not be relied upon by any other persons or redistributed to retail clients in
Hong Kong.

In South Korea, this information is issued by BlackRock Investment (Korea) Limited. This material is for distribution
to the Qualified Professional Investors (as defined in the Financial Investment Services and Capital Market Act and its
sub-regulations) and for information or educational purposes only, and does not constitute investment advice or an
offer or solicitation to purchase or sells in any securities or any investment strategies.

In Taiwan, independently operated by BlackRock Investment Management (Taiwan) Limited. Address: 28F., No. 100,
Songren Rd., Xinyi Dist., Taipei City 110, Taiwan. Tel: (02)23261600.

In Australia & New Zealand, issued by BlackRock Investment Management (Australia) Limited ABN 13 006 165
975, AFSL 230 523 (BIMAL) for the exclusive use of the recipient, who warrants by receipt of this material that they
are a wholesale client as defined under the Australian Corporations Act 2001 (Cth) and the New Zealand Financial
Advisers Act 2008 respectively.

This material provides general information only and does not take into account your individual objectives, financial
situation, needs or circumstances. Before making any investment decision, you should therefore assess whether the
material is appropriate for you and obtain financial advice tailored to you having regard to your individual objectives,
financial situation, needs and circumstances. This material is not a financial product recommendation or an offer or
solicitation with respect to the purchase or sale of any financial product in any jurisdiction.

This material is not intended for distribution to, or use by, any person or entity in any jurisdiction or country where
such distribution or use would be contrary to local law or regulation. BIMAL is a part of the global BlackRock Group
which comprises of financial product issuers and investment managers around the world. BIMAL is the issuer of
financial products and acts as an investment manager in Australia. BIMAL does not offer financial products to
persons in New Zealand who are retail investors (as that term is defined in the Financial Markets Conduct Act 2013
(FMCA)). This material does not constitute or relate to such an offer. To the extent that this material does constitute
or relate to such an offer of financial products, the offer is only made to, and capable of acceptance by, persons in
New Zealand who are wholesale investors (as that term is defined in the FMCA).

BIMAL, its officers, employees and agents believe that the information in this material and the sources on which it is
based (which may be sourced from third parties) are correct as at the date of publication. While every care has been
taken in the preparation of this material, no warranty of accuracy or reliability is given and no responsibility for the
information is accepted by BIMAL, its officers, employees or agents. Except where contrary to law, BIMAL excludes
all liability for this information.

Any investment is subject to investment risk, including delays on the payment of withdrawal proceeds and the loss of
income or the principal invested. While any forecasts, estimates and opinions in this material are made on a
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reasonable basis, actual future results and operations may differ materially from the forecasts, estimates and
opinions set out in this material. No guarantee as to the repayment of capital or the performance of any product or
rate of return referred to in this material is made by BIMAL or any entity in the BlackRock group of companies.

No part of this material may be reproduced or distributed in any manner without the prior written permission of
BIMAL.

In China, this material may not be distributed to individuals resident in the People's Republic of China ("PRC", for
such purposes, excluding Hong Kong, Macau and Taiwan) or entities registered in the PRC unless such parties have
received all the required PRC government approvals to participate in any investment or receive any investment
advisory or investment management services.

The information provided here is neither tax nor legal advice and should not be relied on as such. Investment involves
risk including possible loss of principal.

FOR PROFESSIONAL, INSTITUTIONAL, QUALIFED, WHOLESALE INVESTORS AND PERMITTED,
PROFESSIONAL AND QUALIFIED CLIENT USE ONLY. THIS MATERIAL IS NOT TO BE REPRODUCED OR
DISTRIBUTED TO PERSONS OTHER THAN THE RECIPIENT.

© 2022 BlackRock, Inc. All rights reserved.
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